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nite temperature in a real
salar eld theory
C. Capa Ttira and C. D. Foso
Centro Atómio Barilohe and Instituto Balseiro
Comisión Naional de Energía Atómia R8402AGP Barilohe, Argentina.
Abstrat
We use a funtional approah to evaluate the Casimir free energy for
a self-interating salar eld in d + 1 dimensions, satisfying Dirihlet
boundary onditions on two parallel planes.
When the interation is turned o, exat results for the free energy in
some partiular ases may be found, as well as low and high temper-
ature expansions based on a duality relation that involves the inverse
temperature β and the distane between the mirrors, a.
For the interating theory, we derive and implement two dierent ap-
proahes. The rst one is a perturbative expansion built with a ther-
mal propagator that satises Dirihlet boundary onditions on the
mirrors. The seond approah uses the exat nite-temperature gen-
erating funtional as a starting point. In this sense, it allows one to
inlude, for example, non-perturbative thermal orretions into the
Casimir alulation, in a ontrolled way.
We present results for alulations performed using those two ap-
proahes.
1 Introdution
Casimir and related eets, where quantum eets depend upon the existene
of boundary onditions for a quantum eld, have been extensively studied [1℄.
Many dierent points of view and approahes to this kind of problem have
been followed, under quite dierent sets of assumptions regarding the system;
i.e., its intrinsi properties, and the onditions under whih one wants to
evaluate the Casimir fore.
In partiular, there has been muh interest in studying the Casimir eet at
a nite temperature (T > 0), a study that an be undertaken at dierent
1
levels, distinguished by the way of taking into aount all the possible T > 0
eets. One ould, for example, inlude thermal eets in the desription of
the matter on the mirrors (a very ative researh topi [2℄), or rather for the
physial desription of the vauum eld [3℄, or for both.
In this artile, we shall assume perfet (at any temperature) mirrors, with
thermal eets restrited to the vauum eld.
It has been noted that thermal and Casimir-like eets share some similar-
ities; this should hardly be surprising, sine both may be regarded, essentially,
as nite-size eets, the former in the Eulidean time interval [0, β] (with pe-
riodiity/antiperiodiity onditions), and the latter for a spaial oordinate
with Dirihlet or Neumann onditions.
Even though the nature of the boundary onditions is dierent, it should
be expeted that, when both eets are present, interesting relations (`dual-
ities') will arise between the dependene on the inverse temperaure β = T−1
and the distane between the mirrors.
In this artile, we present an approah to the alulation of the Casimir
free energy for a salar eld at nite temperature in d + 1 dimensions, sub-
jet to Dirihlet boundary onditions, inluding self-interations. This ap-
proah is based on the use of a path-integral formulation, whereby the d+1-
dimensional problem is mapped to a dimensionally redued one, with elds
living on the boundaries.
For all the ases onsidered we analyze the high and low temperature ex-
pansions, omputing also perturbative orretions to the Casimir free energy
due to the non-interating elds.
This work is organized as follows: in setion 2 we present our approah,
introduing onventions and denitions. In setion 3 we deal with the alu-
lations and the orresponding results for a free real salar eld. Interations
are introdued in 4 and, in 5, we present our onlusions.
2 The method
The main objet we shall be interested in is the free energy F (β, a) for a real
salar eld ϕ in d + 1 spaetime dimensions, whih is subjet to Dirihlet
boundary onditions on two plane mirrors, separated by a distane a along
the diretion orresponding to the xd oordinate.
In terms of the orresponding partition funtion Z(β, a), F (β, a) is given
by:
F (β, a) = − 1
β
lnZ(β, a) , (1)
2
while for Z(β, a) we shall use its standard funtional integral representation:
Z(β, a) =
∫ [Dϕ] e−S(ϕ) , (2)
where S is the Eulidean ation at T > 0; i.e., with an imaginary time
variable restrited to the [0, β] interval [4℄ and periodi boundary onditions
for the elds with respet to this oordinate are impliitly assumed.
In this work, we onsider an ation S suh that S = S0 + SI , with the
free part of the ation, S0, is given by:
S0(ϕ) =
1
2
∫ β
0
dτ
∫
ddx
(
∂µϕ∂µϕ+m
2ϕ2
)
, (3)
while the interation part, SI , is given by:
SI(ϕ) =
λ
4!
∫ β
0
dτ
∫
ddx
[
ϕ(τ,x)
]4
. (4)
We have used brakets in
[Dϕ] to indiate that the path-integral measure in-
ludes only those eld ongurations satisfying Dirihlet boundary onditions
on the loii of the mirrors, whih orrespond to two parallel planes. Aord-
ingly, we use a oordinate system suh that, if the Eulidean oordinates are
denoted by x = (x0, x1, . . . , xd) (x0 ≡ τ), the mirrors then orrespond to the
regions: xd = 0 and xd = a, and will be parametrized as follows:
x = (x‖, 0) , x = (x‖, a) , (5)
where x‖ = (τ,x‖) = (τ, x1, . . . , xd−1).
Then we have:[Dϕ] = Dϕ δ[ϕ(τ,x‖, 0)] δ[ϕ(τ,x‖, a)] , (6)
where the δ's with braketed arguments are understood in the funtional sense;
for example:
δ
[
ϕ(τ,x‖, a)
]
=
∏
τ,x‖
δ
(
ϕ(τ,x‖, a)
)
, (7)
while the ones on the right hand side are ordinary ones. Besides, we as-
sume that the (β-dependent) fator that omes from the integration over the
anonial momentum has been absorbed into the denition of Dϕ, so that
performing the integral over ϕ does indeed reprodue the partition funtion
(without any missing fators).
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Following [5℄, the funtional δ-funtions are exponentiated by means of
two auxiliary elds, ξ1(x‖) and ξ2(x‖), living in d spaetime dimensions:
Z(β, a) =
∫
DϕDξ1Dξ2 e−S(ϕ)+ i
R
dd+1xJp(x)ϕ(x) , (8)
where we introdued the singular urrent:
Jp(x) ≡ δ(xd)ξ1(x‖) + δ(xd − a)ξ2(x‖) , (9)
whose support is the region oupied by the mirrors.
Sine we shall treat interations in a perturbative approah, it is onve-
nient to deal rst with the free theory, as a neessary starting point to inlude
the interations afterwards.
3 Free theory
When the theory is free (λ = 0), S = S0, and the integral over ϕ beomes
Gaussian. The resulting partition funtion, denoted by Z(0)(β, a) is then:
Z(0)(β, a) = Z(0)(β) ×
∫
Dξ1Dξ2 e−Sp(ξ) , (10)
where Z(0)(β) is the (free) partition funtion in the absene of the mirrors,
and:
Sp(ξ) =
1
2
∫
ddx‖ddy‖ξa(x‖)Ωab(x‖, y‖)ξb(y‖) , (11)
where a, b = 1, 2, and
Ω(x‖; y‖) =
[
∆(x‖, 0; y‖, 0) ∆(x‖, 0; y‖, a)
∆(x‖, a; y‖, 0) ∆(x‖, a; y‖, a)
]
, (12)
where ∆ is the free, imaginary-time, propagator. It may be written expliitly
as follows:
∆(τx,x; τy,y) =
1
β
∑
n
∫
ddk
(2pi)d
eiωn(τx −τy)+ik(x−y) ∆˜(ωn,k) , (13)
with ∆˜(ωn,k‖) = (ω2n + E2(k‖))−1.
We have used the notation E(k‖) =
√
k2‖ +m
2
, and ωn =
2pin
β
denotes the
Matsubara frequenies. ∆ is the inverse, in the spae of τ -periodi funtions,
of K ≡ (−∂2 +m2).
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Expression (10) allows one to extrat from the free energy the term that
would orrespond to a free eld in the absene of mirrors, F (0), plus another
ontribution, whih we shall denote by F
(0)
p :
F (0)(β, a) = F (0)(β) + F (0)p (β, a) , (14)
F (0)p (β, a) = −
1
β
ln
[Z(0)(β, a)
Z(0)(β)
]
, (15)
whih learly ontains the Casimir eet information (inluding thermal or-
retions). However, it also arries information that is usually unwanted,
assoiated to the ever-present self-energy of the mirrors. Indeed, we see that
it inludes a divergent ontribution to the free energy, whih an be neatly
identied, for example, by noting that, when a→∞:
Z(0)(β, a)
Z(0)(β) →
[Z(0)m (β)]2 , (16)
where Z(0)m is the ontribution orresponding to one mirror:
Z(0)m (β) =
∫
Dξ1 e− 12
R
ddx‖ξ1(x‖)∆(x‖,0;y‖,0)ξ1(y‖)
=
∫
Dξ2 e− 12
R
ddx‖ξ2(x‖)∆(x‖,a;y‖,a)ξ2(y‖) . (17)
We then identify
F (0)m (β) ≡ −
1
β
ln
[Z(0)m (β)] (18)
as the free energy term that measures a mirror's self-interation. It is, of
ourse, independent of a. Extrating also this ontribution, we have the
following deomposition for F (0)
F (0)(β, a) = F (0)(β) + 2F (0)m (β) + F
(0)
c (β, a) (19)
where F
(0)
c (β, a) has a vanishing limit when a→∞.
We an produe a more expliit expression for the interesting term F
(0)
c ,
starting from its dening properties above. Indeed, we have:
F (0)c (β, a) = −
1
β
ln
{ Z(0)(β, a)
Z(0)(β)[Z(0)m (β)]2
}
, (20)
whih, by integrating out the auxiliary elds, may be written in terms of the
matrix kernel Ω:
F (0)c (β, a) =
1
2β
Tr lnΩ − 1
2β
Tr lnΩ∞ (21)
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where Ω∞ ≡ Ω|a→∞ and the trae is over both spaetime oordinates and
a, b indies.
Assuming that an UV regularization is introdued in order to make sense
of eah one of the traes above, and using `reg' to denote UV regularized
objets, we see that:
F (0)c,reg(β, a) =
1
2β
[
Tr lnΩ
]
reg
− 1
2β
[
Tr lnΩ∞
]
reg
=
1
2β
[
Tr ln
(
Ω−1∞ Ω
)]
reg
. (22)
As we shall see, the trae on the seond line is nite, and has a nite limit
when the regulator is removed. Using some algebra we may redue the trae
to one where only ontinuous indies appear:
F (0)c (β, a) =
1
2β
Tr lnΩc , (23)
where a `redued' kernel Ωc whih is given by:
Ωc(x‖, y‖) = δ(x‖ − y‖) − T (x‖, y‖) , (24)
with:
T (x‖, y‖) =
∫
ddz‖d
dw‖d
du‖[Ω11]
−1(x‖, z‖)Ω12(z‖, w‖)
× [Ω22]−1(w‖, u‖)Ω21(u‖, y‖) , (25)
has been introdued.
Finally note that, due to translation invariane along the mirrors, the free
energy shall be proportial to Vp, the area of the mirrors. Then, to absorbe
this divergene we shall rather onsider the orresponding free energy density ,
obtained by dividing the extensive quantity by Vp. In partiular,
F (0)c (β, a) ≡ lim
Vp→∞
[ 1
Vp
F
(0)
c,Vp
(β, a)
]
(26)
where F
(0)
c,Vp
on the right hand side is evaluated for a system with a nite
parallel volume. Moreover, taking advantage of the translation invariane
along the parallel oordinates, we may use a Fourier transformation to write:
F (0)c (β, a) =
1
2β
∫
dd−1k‖
(2pi)d−1
+∞∑
n=−∞
ln Ω˜c
(n)
(k‖) , (27)
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where
Ω˜c
(n)
(|k‖|) = 1 − T˜ (n)(k‖) , (28)
with:
T˜ (n)(k‖) ≡ [Ω˜(n)11 (k‖)]−1 Ω˜(n)12 (k‖) [Ω˜(n)22 (k‖)]−1 Ω˜(n)21 (k‖) . (29)
where the tilde denotes Fourier transformation in both τ and x‖. Note the
appearane of the reiproals of the matrix elements of Ω˜(n) (not to be on-
fused with the matrix elements of the inverse of that matrix). The expliit
form of the objets entering in (29) may be obtained from (12):
Ω˜
(n)
11 (k‖) = Ω˜
(n)
22 (k‖) =
1
2
√
ω2n + E2(k‖)
Ω˜
(n)
12 (k‖) = Ω˜
(n)
21 (k‖) =
e−a
√
ω2n+E2(k‖)
2
√
ω2n + E(k‖)
, (30)
so that:
Ω˜(n)c (k‖) = 1 − e−2a
√
ω2n+E2(k‖) . (31)
It is then evident that the sum and the integral in (27) onverge, sine
the integrand falls o exponentially for large values of the momenta/indies.
This behaviour should be expeted, sine we have onstruted this objet
subtrating expliitly the would-be self-energy parts, the possible soure of
UV divergenes.
Thus, the main result of the previous alulations is a (nite) expression
for the free energy, whih an be written as follows:
F (0)c (β, a) =
1
2β
∫
dd−1k‖
(2pi)d−1
+∞∑
n=−∞
ln
[
1 − e−2a
√
ω2n+E2(k‖)
]
. (32)
It is worth noting that the expression above has been obtained subtrating
the free energy orresponding to a situation where the mirrors are separated
by an innite distane; on the other hand, we note that, when the β → ∞
limit is taken, the sum is replaed by an integral, and we obtain:
E (0)c (a) ≡ F (0)c (∞, a) =
1
2
∫
ddk‖
(2pi)d
ln
(
1 − e−2a
q
k2
‖
+m2
)
, (33)
whih is the Casimir energy per unit area.
With this in mind, one may introdue yet another quantity; the tempera-
ture dependent part of the free energy, whose area density we will denote by
F (0)t (β, a), and, from the disussion above, it is given by:
F (0)t (β, a) = F (0)c (β, a) − F (0)c (∞, a) . (34)
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By using a rather simple resaling it the integral in the seond term, we may
write:
F (0)t (β, a) =
1
2β
∫
dd−1k‖
(2pi)d−1
{ +∞∑
n=−∞
ln
[
1 − e− 2aβ
√
(2pin)2+(βE(k‖))2]
−
∫ ∞
−∞
dν ln
[
1 − e− 2aβ
√
(2piν)2+(βE(k‖))2]} , (35)
whih yields the Casimir free energy as a dierene between a series and an
integral, although the for the thermal part, sine the sum over energy modes
has already been (impliitly) performed.
Before evaluating the free energy for dierent numbers of spaetime di-
mensions, we explore below some onsequenes of a duality between β and
a.
3.1 Duality
The dual role played by β and a in the free energy may be understood, for
example, by attempting to alulate that objet by following an alternative
approah, based on the knowledge of the exat energies of the eld modes,
emerging from the existene of Dirihlet boundary onditions.
The energies ωl of the stationary modes are:
wl(k‖) =
√
pi2l2
a2
+ k2‖ +m
2 , l ∈ N . (36)
Sine eah one of these modes behaves as a harmoni osillator degree of
freedom, its free energy f
[
wl(k‖)
]
has the following form:
f
[
wl(k‖)
]
= − 1
β
ln
[ ∞∑
N=0
e−βwl(k‖)(N+
1
2
)
]
=
1
2
wl(k‖) +
1
β
ln
[
1 − e−βwl(k‖)] . (37)
Now we onsider F (0)t (β, a), the temperature dependent part of the free energy
density, obtained by summing the seond term in the expression above over
all the degrees of freedom, and dividing by the parallel area:
F (0)t (β, a) =
1
β
∫
dd−1k‖
(2pi)d−1
+∞∑
l=1
ln
[
1 − e−βwl(k‖)] . (38)
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This may also be written as follows:
F (0)t (β, a) =
1
2β
∫
dd−1k‖
(2pi)d−1
+∞∑
l=−∞
ln
[
1 − e−βwl(k‖)]
− 1
β
∫
dd−1k‖
(2pi)d−1
ln
[
1 − e−βE(k‖)] . (39)
We now reall that we are onsidering the free energy for one and the same
system, albeit with dierent normalizations: subtration at a → ∞ in (32),
and at β →∞ in (39). Then we may write:
F (0)c (β, a) − lim
β→∞
F (0)c (β, a) = F (0)t (β, a) − lim
a→∞
F (0)t (β, a) , (40)
or:
F (0)c (β, a) − E (0)c (a) = F (0)t (β, a) − F (0)t (β) , (41)
where F (0)t (β) is an a-independent objet, whih orresponds to the free
energy of a free eld.
Thus, if we are going to be onerned with temperature and a-dependent
quantities, for example, to study the temperature dependene of the Casimir
fore, we only need derivatives with respet to β and a of the expression
above, and we see that:
∂2
∂a∂β
[F (0)c (β, a)] = ∂2∂β∂a[F (0)t (β, a)] , (42)
or:
F˜ (0)c (β, a) = F˜ (0)t (β, a) ≡ F˜ (0)(β, a) , (43)
where the tildes denote subtration of any term whih has a vanishing mixed
seond partial derivative.
On the other hand, from the expliit form of the free energy density as
sum over modes (Matsubara or Casimir), we nd the identity:[
βF˜ (0)t
]
(2a, β/2) =
[
βF˜ (0)c
]
(β, a) , (44)
whih, ombined with (43) yields a duality between a and β:
F˜ (0)(2a, β/2) = β
2a
F˜ (0)(β, a) . (45)
To proeed, we make the simplifying assumption that m = 0, and transform
variables in the integral over k‖ to have a dimensionless integral, obtaining
β F˜ (0)(β, a) = (2pi
β
)d−1g(γ, d) , (46)
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where g(γ, d) is given by
g(γ, d) = Cd
∑
n
∫ ∞
0
dx xd−2 ln
(
1− e−γ
√
n2+x2
)
, (47)
where γ = 4pia/β and Cd is a onstant fator that depends solely on the
dimension d.
Now, using the duality formula (45), we obtain the an interesting relation
involving g:
γd−1g(γ, d) = αd−1g(α, d) , (48)
where α = βpi/a (or α = (2pi)2/γ). Note that this relation has immediate
relevane to relate the low and high temperature regimes. Indeed, writing
the expression above more expliitly, we see that:
g(
4pi
β
, d) =
( β
2a
)d−1
g(
piβ
a
, d) . (49)
This duality relation had been pointed out, for the d = 3 ase, by Balian
and Duplantier [6℄. In the remainder of this setion, we apply the previous
results and study some partiular properties of the free energy orresponding
the the free salar eld, rstly for the d = 1 ase, whih we single out sine
it an be exatly solved, and then for d > 1.
3.2 d = 1
The free energy (negleting an irrelevant onstant) is given by the expression:
F (0)c (β, a) =
1
2β
∑
n 6=0
ln(1− e−2a|ωn|) , (50)
whih may be written as an innite produt:
F (0)c (β, a) =
1
β
ln
+∞∏
n=1
(1− q2n), (51)
where q = e−2pia/β , and | q | <1 for T > 0. Using standard properties of
ellipthi funtions, we get a more expliit results for the free energy:
F (0)c (β, a) =
pia
6β2
+
1
β
ln[η(2a/β i)], (52)
where η(z) is Dedekind's eta funtion. Although it has been obtained for
T > 0, one an verify that it also yields the proper results for T → 0, namely,
E (0)c (a) = − pi24a .
Besides, the η-funtion satises the property: η(1/z) =
√
iz η(z) whih,
in this ontext, is tantamount to the duality relation.
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3.3 d > 1
Now, we exploit the duality relation to extrat the high and low temperature
behavior of the Casimir energy, for d > 1. In a high temperature expansion,
formula (47) an be expanded for small e−γ. The innite-temperature limit
orresponds to γ → ∞, thus n = 0 yields the leading ontribution in this
expansion, with the n = 1, 2, . . . terms produing higher-order orretions.
The expliit form of the leading high temperature term is:
F˜ (0)c (β, a) ∼ −
1
2pid/2β
Γ(d/2)ζ(d)
(2a)d−1
, β ∼ 0 , (53)
whereas aplying the duality formula (45) a → β/2, we have the rst order
ontribution in the low temperature regime,
F (0)c (2a, β/2) ∼ −
1
2pid/2
Γ(d/2)ζ(d)
(β)d
(β →∞), (54)
whih is a independent. The sub-leading ontributions (n = 1, 2, ...) inlude
more involved integrals; nevertheless, when d = 3 and γ →∞, it redues to
terms like e−nγ . Thus, the most signiant ontribution for T →∞ is:
− 1
2aβ2
e−4pia/β . (55)
Therefore, the duality formula implies that, when T → 0,
F˜ (0)c (β, a) ∼ −
1
2aβ2
e−piβ/a . (56)
Colleting these results for d = 3, we see that, for high temperatures: T →∞
F (0)c (β, a) ∼ −
1
16pi
ζ(3)
a2β
− 1
2aβ2
e−4pia/β , (57)
while, for low temperatures the orresponding behaviour is:
F (0)c (2a, β/2) ∼ −
pi2
1440a3
[
1 +
360
pi3
a3
β3
ζ(3) +
720
pi2
a2
β2
e−piβ/a
]
. (58)
4 Interating theory
Let us now onsider the theory that results from turning on the quarti self-
interation term, studying the orresponding orretions to the free energy.
This an be done in (at least) two dierent ways. We shall onsider rst
the would-be more straightforward approah, whih amounts to expanding
the interation term in powers of the oupling onstant rst, postponing the
integration over the salar eld until the end of the alulation. We all it
`perturbative' sine it is loser in spirit to standard perturbation theory.
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4.1 Perturbative approah
We have to evaluate:
Z(β, a) =
∫
[Dϕ] e−SI(ϕ) e−S0(ϕ)
= Z(0)(β, a) 〈e−SI(ϕ)〉 , (59)
where we have used 〈. . .〉 to denote funtional averaging with the free (Mat-
subara) ation and the salar-eld integration measure satisfying Dirihlet
boundary onditions. Namely,
〈. . .〉 ≡
∫
[Dϕ] . . . e−S0(ϕ)∫
[Dϕ] e−S0(ϕ) . (60)
Thus, the dierent terms in the perturbative expansion are obtained by
expanding in powers of the oupling onstant, λ. For example, the rst order
term, F (1), may be written as follows:
F (1)(β, a) = λ
4!β
∫
dd+1x 〈[ϕ(x)]4〉 , (61)
whih may be expressed (via Wik's theorem), in terms of the average of just
two elds. Indeed, the generating funtional for these averages, ZJ0 (β, a), is
simply:
ZJ0 (β, a) =
∫ [Dϕ] e−S0(ϕ)+R dd+1x J(x)ϕ(x) . (62)
We again introdue the auxiliary elds to impose the periodiity onstraints
on the measure, so that:
ZJ0 (β, a) =
∫
DϕDξ e−S0[ϕ]+
R
dd+1x[iJp(x)+J(x)]ϕ(x) . (63)
Integrating out the salar eld ϕ, and using a simplied notation for the
integrals, we obtain:
ZJ0 (β, a) = Z0(β, a)
∫
Dξ exp
[
− 1
2
∫
x‖,y‖
ξα(x‖)Ωαβ(x‖, y‖)ξβ(y‖)
+ i
∫
x‖
ξα(x‖)Lα(x‖) +
1
2
∫
x,y
J(x)∆(x, y)J(y)
]
, (64)
where: Lα(x‖) ≡
∫
y
∆(x‖, aα; y)J(y), with aα = (α− 1)a, α = 1, 2. Integrat-
ing now the auxiliary elds, we see that:
ZJ0 (β, a) = Z0(β, a) e
1
2
R
x,y
J(x)G(x,y)J(y) , (65)
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where G, the (free) thermal orrelation funtion in the presene of the mir-
rors, may be written more expliitly as follows:
G(x; y) = 〈ϕ(x)ϕ(y)〉 = ∆(x; y) −
∫
x′
‖
,y′
‖
{
∆(x‖, xd; x
′
‖, aα)
× [Ω−1]αβ(x′‖, y′‖)∆(y′‖, aβ; y‖, yd)
}
, (66)
and this is the building blok for all the perturbative orretions.
It is quite straightforward to hek that the propagator above does ver-
ify the Dirihlet boundary onditions, when eah one of its arguments ap-
proahes a mirror. For example:
lim
xd→aγ
G(x; y) = ∆(x‖, aγ ; y) −
∫
x′
‖
,y′
‖
{
Ωγα(x‖; x
′
‖)[Ω
−1]αβ(x′‖, y
′
‖)∆(y
′
‖, aβ; y‖, yd)
}
= ∆(x‖, aγ ; y) −
∫
y′
‖
δγβδ(x‖, y′‖)∆(y
′
‖, aβ; y‖, yd)
= ∆(x‖, aγ ; y) − ∆(x‖, aγ; y) = 0 , (67)
and analogously for the seond argument.
The thermal orrelation funtion G(x; y) above is omposed of two ontri-
butions: one is the usual free thermal propagator in the absene of boundary
onditions and the other ome from reexions on the surfae boundaries. In
this way we write
G(x; y) = ∆(x; y)−M(x; y) , (68)
where M(x; y) is given by:
M(x; y) =
1
β
∑
n
∫
dd−1k‖
(2pi)d−1
eiwn(τx −τy)+ik‖(x‖−y‖) M˜(wn,k‖; xd, yd) , (69)
with M˜(wn,k‖; xd, yd) equal to:
e−(|xd|+|yd|)E − e−(|xd−a|+|yd|+a)E − e−(|xd|+|yd−a|+a)E + e−(|xd−a|+|yd−a|)E
2E(1− e−2aE) (70)
where E =
√
w2n + k
2
‖ +m
2
.
We apply now the previous approah to the alulation of the rst-order
orretion to the free energy (in fat, to the fore) and the self-energy fun-
tion:
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4.1.1 First-order orretion to the free energy
We want to evaluate thermal orretions to Casimir energy in the interating
theory, in partiular, to understand how its divergenes should be dealt with.
To automatially subtrat a-independent ontributions, we work with the
derivative of the free energy with respet to a. Obviously, this is a fore,
and it has the same amount of information as an energy whih has been
subtrated to avoid a-independent innities. Indeed, it an be integrated
over any nite range of distanes to obtain de energy dierene.
Using Fcas to denote these derivatives, we have:
F
as
= F (0)
as
+ F (1)
as
, (71)
Where the term F
(1)
as
is the rst-order orretion to free Casimir fore F
(0)
as
.
There is a term where only∆(x, y) appears; this an be renormalized as usual
in nite-temperature eld theory, by a zero-temperature subtration plus
the inlusion of the rst-order (temperature-dependent) mass ounterterm
ontribution [4℄.
Then, keeping temperature and a dependent terms only, we see that
F (1)
as
= F
(1)
as,∆M + F
(1)
as,M M , (72)
where:
F
(1)
as,∆M = −
λ
2β
∆T (x, x)
∫
dd+1x
∂M(x, x)
∂a
(73)
and
F
(1)
as,M M =
λ
4β
∫
dd+1xM(x, x)
∂M(x, x)
∂a
. (74)
Using the notation f∆,M and fMM for the orresponding area densities (we
omit super and subsripts):
f∆,M = − λ
2β
∆T (0)
∑
n
∫
dd−1k‖
(2pi)d−1
∫ ∞
−∞
dxd
∂M˜ (k‖, wn, xd)
∂a
, (75)
and
fM,M =
λ
4β2
∑
n,l
∫
dd−1k‖
(2pi)d−1
∫
dd−1p‖
(2pi)d−1
∫ ∞
−∞
dxd
× M˜(k‖, wn, xd)
∂M˜ (p‖, wl, xd)
∂a
, (76)
and the rst-order orretion to the Casimir fore will be given by:
F
(1)
as
Ad−1
= f∆,M + fM,M . (77)
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The term M˜(wn,k‖; xd) an be obtained from (70); after hanging vari-
ables from x → x + a
2
(to obtain a symmetrized form), we perform an
integration over d+ 1-dimensional spaetime, obtaining:
f∆,M = − λ
4β
∆T (0)
∑
n
∫
dd−1k‖
(2pi)d−1
(
1
2Ek
+
a
2
sh
2(aEk)− oth(aEk)
2Ek
)
.
(78)
The T -dependent funtion ∆T (0) is given by
∆T (0) =
∫
ddp
(2pi)d
1
w
nB(β, w) , (79)
where nB(β, ω) is the Bose distribution funtion, with ω =
√
p2 +m2.
f∆,M may be expressed in yet another way, using the denition of the
Bose distribution funtion but with β replaed by 2a while ω is replaed by
Ek =
√
ω2n + k
2
‖ +m
2
, i.e., nB(β, ω) is replaed by
nk(2a, Ek) ≡ 1
e2aEk − 1 . (80)
Then
f∆,M =
λ
4β
∆T (0)
∑
n
∫
dd−1k‖
(2pi)d−1
[
nk
Ek
− 2a nk (1 + nk)
]
, (81)
whih is learly a onvergent quantity.
For the remaining term, we proeed in a similar way, where now the p
represent (ωl,p‖)
fM,M =
λ
4β2
∑
n,l
∫
dd−1k‖
(2pi)d−1
∫
dd−1p‖
(2pi)d−1
f(k, p) , (82)
where
f(k, p) = (np + 1)
(
np
E2k
− nknp
Ek/2a
)
+
(
np +
1
2
)(
nk
EkEp
− Ek np − Ep nk
Ek(E
2
k − E2p)
)
− np
2Ek(Ek + Ep)
(83)
whih is also onvergent.
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4.1.2 First-order orretion to the self-energy
We onlude the appliation of this method with the alulation of the tad-
pole diagram ontribution to the self-energy. There is here a surfae diver-
gene due to the M(x; x) ontribution:
Π =
λ
2
(∆(x, x)−M(x, x)) . (84)
As before, it is onvenient to separate from the self-energy the ontribution
whih is present even when the mirrors are innitely distant; namely,
Π = Πfree +Πmir , (85)
where Πfree =
λ
2
∆(x, x) and Πmir = −λ2M(x, x) whih ontain the ontribu-
tion to the selfenergy oming from the Dirihlet boundary onditions. The
term Πfree has UV and IR divergenes, whih are usually analyzed in stan-
dard nite temperature alulations.
On the other hand, the Πmir term has no UV divergenes, although it
is IR divergent in low dimensions. Moreover, it presents surfae divergenes
when the xd oordinate tends to xd = 0 or xd = a. We will lassify these
divergenes aording to the dimension of the theory.
When d = 1 and m = 0, we obtain,
Πmir = − λ
2β
∑
n
e−2|x|E − 2e−(|x|+|x−a|+a)E + e−2|x−a|E
2E(1− e−2aE) , (86)
where E = |ωn|. Then we see that
Πmir = − λ
4pi
∞∑
n=1
1
n
×


eγsn if s < 0
cosh((s−1/2)γn)−e−γn/2
sinh(γn/2)
if 0 < s < 1
e−γ(s−1)n if s > 1
where γ = 4pia/β and s = x/a. The sum for s < 0 and s > 1 an be
performed. For s < 0, the selfenergy is proportional to ln(1−exp(γs)), whih
diverges for s→ 0, regardless of the temperature.
For d ≥ 2, it is onvenient to separate the self-energy part whih into two
piees, one oming from n = 0, and the other oming from the remaining
modes:
Πmir = Π
n=0
mir +Π
n 6=0
mir , (87)
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and
Πn=0mirr = −
λ
4piβ
∫ ∞
0
dp
1
p
×


e2s p if s < 0
cosh((2s−1)p)−e−p
sinh(p)
if 0 < s < 1
e−2(s−1)p if s > 1
Πn 6=0mirr = −
λ
2piβ
∞∑
n=1
×


K0(−nγs) if s < 0
∫∞
1
1√
p2−1
cosh((s−1/2)γnp)−e−γnp/2
sinh(γnp/2)
if 0 < s < 1
K0(nγ(s− 1)) if s > 1
.
Again, the zero mode ontribution Πn=0mirr has an IR divergent behaviour
for low momenta, while there is a divergene on the mirrors. For instane,
for s < 0 the selfenergy is proportional to log(−2s).
The Πn 6=0mirr term an be analized in the high and low temperature limits,
i.e. γ ≫ 1 and γ ≪ 1, respetively. The divergene of the funtion K0(x) is
logarithmi in x = 0, thus surfae divergenes also are logarithmi. Moreover,
we see that Πn=0mir ≫ Πn 6=0mir .
For d > 2, the IR divergenes are absent, and the surfae diveres appear
expliity. The two ontributions are given by:
Πn=0mirr = −
λ Γ(d
2
− 1)
β 2d+1pi
d
2ad−2
×


1
sd−2
if s < 0
ζ(d− 2, 1− s) + ζ(d− 2, s)− 2ζ(d− 2) if 0 < s < 1
1
(s−1)d−2 if s > 1
Πn 6=0mirr = −
λ pi
d−3
2
2βd−1Γ(d−1
2
)
∞∑
n=1
∫ ∞
1
dp nd−2(p2−1) d−32


eγns p if s < 0
cosh((s− 1
2
)γnp)−e−γn p2
sinh(γn p
2
)
if 0 < s < 1
e−γn(s−1)p if s > 1
The integral for s < 0 or s > 1 an be performed
Πn 6=0mirr = −
λ
β
d
2
1
(2a)
d
2
−1
∞∑
n=1
n
d
2
−1 ×


(−1) d2−1K d2−1(−γns)
s
d
2−1
if s < 0
K d
2−1
(γn(s−1))
s
d
2−1
if s > 1
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In the ase of d = 3 dimension we have a simple expression
Πn 6=0mirr = −
λ
8piaβ
×


− 1
s(e−γs−1) if s < 0
1
(s−1)(eγ(s−1)−1) if s > 1
By the above results we onlude that the surfae divergenes of the Πn=0mirr
term are polynomial: ∼ s−(d−2), whereas the term Πn 6=0mirr whih has the sum
of non-zero modes presents a more severe divergene proportional to s−(d−1).
This has just been shown expliity for the d = 3 ase.
In gures 1, 2, 3 and 4, we plot the self-energy for 1, 2, and 3 dimensions,
for dierent values of the parameters.
4.2 Non-perturbative approah
Let us onlude this setion by onsidering a seond, alternative proedure
to the one just explained. It amounts to integrating out, albeit formally, the
salar eld before the perturbative expansion. Indeed, introduing, from the
very beginning, the auxiliary elds used to impose the Dirihlet onditions,
we see that the partition funtion beomes
Z(β, a) =
∫
Dξ1Dξ2 e−W [iJp] , (88)
where W denotes the generating funtional of onneted orrelation fun-
tions, at nite temperature, and with an unonstrained (no Dirihlet ondi-
tions) salar eld integration measure:
e−W [J ] ≡
∫
Dϕ e−S[ϕ]+
R
dd+1xJ(x)ϕ(x) . (89)
Of ourse, the arbitrary urrent J in the denition above must be replaed by
Jp, whih does depend on the auxiliary elds and on a, the distane between
the two mirrors. Besides, we assume that, in the ourse of evaluating W,
a renormalization proedure has been used to make sense of the possible
innites, in the usual way.
To proeed, we reall that W[J ] does have a funtional expansion:
W[J ] = W0 + 1
2
∫
dd+1x
∫
dd+1y W2(x, y)J(x)J(y) + . . . (90)
where Wk orreponds to the onneted k-point orrelation funtions. Odd
terms are, for the quarti perturbation, absent from the expansion. Then one
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may invoque some approximation that allows one to trunate the funtional
expansion. Of ourse, it annot be a naive perturbative expansion in the
oupling onstant; one should rather use, for example, a mean eld or large-
N expansion. Then the leading term will be just the quadrati one:
Z(β, a) ∼ Z(β) × Zq(β, a) (91)
where Z(β) = eW0 is the thermal partition funtion in the absene of mirrors,
while
Zq(β, a) =
∫
Dξ1Dξ2 e− 12
R
dd+1x
R
dd+1y W2(x,y)Jp(x)Jp(y) , (92)
depends on W2(x, y), the full renormalized thermal propagator. Using the
expliit form of Jp, we see that the integral is a Gaussian:
Zq(β, a) =
∫
Dξ1Dξ2 e−Sq(ξ) (93)
where
Sq(ξ) =
1
2
∫
ddx‖d
dy‖ξa(x‖)Ω
q
ab(x‖, y‖)ξb(y‖) , (94)
and
Ωq(x‖; y‖) =
[
D(x‖, 0; y‖, 0) D(x‖, 0; y‖, a)
D(x‖, a; y‖, 0) D(x‖, a; y‖, a)
]
, (95)
where D is the full imaginary-time propagator. It may be written quite
generally as follows:
D(τx,x; τy,y) =
1
β
∑
n
∫
ddk
(2pi)d
eiωn(τx −τy)+ik(x−y) D˜(ωn,k) , (96)
with D˜(ωn,k‖) a generally ompliated funtion of its arguments. However,
we note that some non perturbative orretions do produe a simple result.
For example, onsidering the IR resummed version of the massless salar
eld, yields an expression of the form:
D˜(ωn,k) =
[
ω2n + k
2
‖ +Πβ(T )
]−1
(97)
where Πβ(T ) is the thermal mass. For example, the rst two non-trivial
ontributions orrespond to a term whih is linear in λ plus a non-analyti
term:
Πβ(T ) =
λT 2
24
[
1 − 3( λ
24pi2
)
1
2 + . . .
]
. (98)
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Upon insertion of this expression, we see that the orresponding ontribution
to the Casimir free energy beomes:
Fc(β, a) = 1
2β
∫
dd−1k‖
(2pi)d−1
+∞∑
n=−∞
ln
[
1 − e−2a
q
ω2n+k
2
‖
+Πβ(T )
]
, (99)
where the a→∞ ontribution has already been subtrated.
5 Conlusions
We have obtained exat results for the free energy in a Casimir system in 1+1
dimensions and well as low and high temperature expansions for d > 1, based
on a duality relation between inverse temperatures and distanes between
mirrors, in d+ 1 spaetime dimensions.
For the interating theory, we have derived two dierent approahes. In
the rst approah, perturbative expansion has been used to obtain the rst
order orretions to thermal Casimir fore, showing that it is nite one the
standar renormalization of thermal eld theory in the absene of mirrors is
performed.
On the other hand, we also studied the selfenergies, showing that they
have surfae divergenes in their oordinate dependene, and that those di-
vergenes are of a polynomial type, with a degree whih depends on the
dimension.
Finally, we have shown that a variation in the order used to integrate the
auxiliary elds yields a dierent method, whereby the one partile irreduible
funtions naturally appear.
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Figure Captions
• Figure 1: Self-energy in 1 + 1 dimensions, for three values of γ ≡
4pia/β: upper urve: γ = 10; middle urve: γ = 1 and lower urve:
γ = 0.1.
• Figure 2: Self-energy in 2 + 1 dimensions, for three values of γ ≡
4pia/β: upper urve: γ = 10; middle urve: γ = 1 and lower urve:
γ = 0.1.
• Figure 3: Self-energy in 3 + 1 dimensions, zero mode ontribution.
• Figure 4: Self-energy in 3 + 1 dimensions, for three values of γ ≡
4pia/β: upper urve: γ = 10; middle urve: γ = 1 and lower urve:
γ = 0.1.
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